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Theorem 2.4
Ae F(X)
x) “A=[()"A=()""A
L<a L<a
WV VB<a, _ = “Ac’A < “Ac()’/A—>A)

Theorem 2.1 B<a

Qvxe (VA= xe’AVE<a
P<a

let f=x—5,6>0,= X € A=A
S AX) = a—¢g, - e can be infinitely small.
lete >0 = AX) >, i.e. xe “A

[1’Ac “A——>(B)
fP<a

(A),(B)= “A=[1"A
<o

Proof: (xi) “A=UJ"A=J"A
a<f a<p
I, <
foranya<f="Ac’Ac A
=>U"AcU’Ac A
a<p a<p

i,=>Vxe “"A= AX) >«
Let f=a+¢e,e>0,a=L—-¢
~AX)>a=p-¢

as & —>0,A(x)>p,..xe"Aand xe | ] 7*A
a<f

cACPA LA A sxe A
a<p a<p a<p

2.2 Representations of fuzzy sets
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© Representations of fuzzy sets by crisp sets (decomposition)
0.2 04 06 08 1.0
A= + + + +
€.9- X, X, X3 Xy Xs

This can be represented by itsa-cut
a-CUts
CEA =Xy, X5, Xz, X4, X5}
CIA ={X,, X5, X4, X5}
CCA =5, X,, X}
CEA ={x,, X}
1.0 o {x.}

Define a fuzzy set ,A for eacha-cut as

a
A=) fuzzya-cut

xe?A X

0.2 0.2 0.2 0.2 0.2
o2 A= + + —+ +

)(1 X2 X3 X4 X5

04 04 04 04
oa A= + + +

X, X5 X, Xg
A= 0.6 N 0.6 N 0.6

X5 X, Xg
A= 0.8 N 0.8

X, Xg

1.0
10 A=

X5

AU LA 02 04 06 08 1.0
X, X, Xg X, Xy

a= A
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@ Decomposition theorems of fuzzy sets
® Theorem 2.5 (First decomposition Theorem)

A= |J ,A where (A= Zg

ae[0,1] xe®A X

proof: Vxe X, Let A(x) =a
=>(J A =sup ,AX)

ae[01] ae[0,1]
= max[ sup , A(X), sup ,A(x)]
a€[0,a] aelal]

Vae(al,A(X)=a<2,..x¢ “A= _A(X)=0
Vae(0,a], A(x)=a>2,..xe “A= A(X)=«

= max|[ sup «,0]=max|a,0]=a
ael0,a]

| A=A

ae[0,1]
Example :

A: a fuzzy set with membership function



(x-1 xe
A(X)=<3—-X Xe

.

= Va e(0,1],

2
o —cut aA:{
0

12]
2,3]

0 otherwise

Xela+13—a]
otherwise

according to theorem 2.5

A= ] A

ae[0,1]

o Theorem 2.6 (Second decomposition Theorem)

A=) A A=Y Z

ae[0,1]

xe®TA X
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proof: Vx e X, Let A(x)=a
=>(J LA =sup . AX)

ae[0,1] ae[01]

= max[ sup ., A(X), sup ., A(X)]

a€l0,a] aela,l]

sup a =a=A(x)
ae<[0,a]

o Theorem 2.7 (Third decomposition Theorem)
A=J . A A(A) :level set

acA

Theorems 2.5, 2.6 for continuous membership function

Theorem 2.7 for discrete membership function

- Example :
A fuzzy set
A
?
(x):k 77777 I
| :
GLAH_; L
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concerning sets to power sets

OCrisp case:
a crisp function-
f. X-->Y, X)Y:crisp sets defined on univesal sets
Uv
an extension

.

£ P(X) > P(Y)

A

P(X),P(Y): Crisp power set of X,Y

1 P(Y) > P(X)

f
X f X Y P(X) > P(Y)

Let Ae P(X)=>B=f(A)={y] y=Tf(x),xe A}

LetBe P(Y)=>A=f*(B)={x f(x)eB}



Example:

X={a,b,c} , Y={1,2}
f
X Y
Extension f; p(X) p(Y)

Where

p(X) ={P.{a}{b}{c}.{a b}{a,c},{b,c}.{a,b,c}}

p(y) =AP.{1{2}{1.2}}

{1}

i

{2}

F(A)={y | y=f(x),. x € A}
€g
A={a,c}

> f(A) =f({a c}) ={1,2}
A={ab}

=>F(A) =f({a,b}) ={1}

{a}

/
><*
{1} {b}

{2} {c}

FL(B) = {x|f(x) € B}

e.g
B={1}

= fH(A) =f*{1}) ={a.b}
B={1,2}
= f1B)=f"({1,2}) ={a,b,c}
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T

Fuzzy case:
Given a fuzzy function f: X =>Y

X,Y: fuzzy sets defined on crisp universal

sets U,V

An extension
f:f(X)->F(Y)
f 1 F(Y)->F(X)
F(X),F(Y): Fuzzy power sets of X,Y
Va e F(X), Let B=f(A) e f(Y)

The membership function of fuzzy set B

B(Y) =L (AI(y)= sup A(X)

X f(x)=y

The membership function of fuzzy set A
A(X) =[f (B)I(x) = B(f(x))
Example : Function Extension

(a) Continuous case

)/:Ty

= |
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(b) Discrete case

"
,)L
13
OWMJRMKQW__kH, .
By =I5 ——— 1]] |
B,(y)=[ | . M
Aix) i " AZ/ \
f : Xl? ; \ s WMQ
Xl’ tTZ2rTTn T TR T
Let fuzzy set A, A, ......... A, defined on
X Xy X, respectively

if fx \x,.)=y k=1.m
sup min{A, (x; ),A2(x3),.... A, (X3)}

H_ «

y y

® Example: Fuzzy Mapping (Multivariants)
X, =fa.bc, X,={xy} Y={p,qr}
f:X, xX,>Y




2-10

Xy

Where _ _
a1®®
f: bilgq r
c|r (D]
Let A,, A, ; Fuzzy sets definedon X,, X,
A -03,09,05 0510 .
a b c X Y
Let B=f(A,A,)eF(Y)
(@.x) (@y) (c.y)

B(p) = max{min{/O.B\,O.S},min?O.\?,,O.S},ml'ﬁ{\O.3,0.5}}
= max{0.3,0.3,0.5} =0.5

B(q) = max{min{0.9,0.5} = 0.5
B(r) = max{min{0.9,1}, min{0.5,0.5}}

=max{0.9,0.5} =0.9
05 05 0.9
+—+
q r

B=f(A,A,)=

® Theorem2.8: f:X—>Y crisp function

V A e F(X), B € F(Y),

= (1) f(A)=9¢ iff A=¢
(ii) if AcA, f(A)cf(A)
(i) f(LiJA)=LiJf(A), f(OA)gLiJf(A)

(iv) if B,cB,, 7(B)c f(B,)



(v) 17UB)=UT @), 1(B)=UT"®)
(vi) f(B)=f*(B)
(vii) Ac T7(f(A), B f(f(B))

Proof:
(i) (@) If A=¢, then f(A)=¢
(b) If f(A)=¢, then A=¢
() AchA=Tf(A)cf(A)
cACA, YxeX  AXZA(X
vy, [T(A)IY) = sup A(X)< sup A,(x)=[T(A,)I(y)

x| y=" (x) x| y="f (x)

L HA)C f(A)
(i) f(UA)=U T (A)
vy, [FUANIY) = sup [UA](x)

x| y="f (x) \liel

= sup max{A(X)}=max{ sup A(X)}

Xy=f(x) el el | xly=(0
~max{f (AY)}=| UT(A) (9
L1UA)=UT(A)

(iV)f(gA)=gf(A)
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vy, [F(ANM) = sup (m\j(x)

x|y="f (x) \iel

Cozlonn }
e } = SUP min {Ai(X)}S min{ sup Ai(X)}

Xy=f(x) el el (Xy=f(

~min{(AX)}=| NF(A) |9
FOA)=NA)

(V)B,cB,=f(B)c f(B,)
B, 2 B,, . B (Y) <B,(Yy)

vxeX [f3(B)|x)=B,(f(x)<B,(f(x)=[f*(B,)]x
~f(B)c (B,

(vi) fl(g Bi):iLeJIfl(Bi)
VX e X

£(UB J | UB o o) =supey £ (0)

iel

= [leejlp f 1(Bi)(x): = [ILEJI f 1(Bi)}(x)

o f l(U. Bij =Uf(@)

(vii) fl(_ﬂBij:Qfl(Bi)

iel
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VXxeX
(80 =B (F o) =inf B(F ()
S LANCYOIRITRCH &

fl(g Bij: Nf(B)

iel

(viii) f 1(B) = f (B)
vx, - | 1(B)](x) = B(f (x))
~[FB)(x) =1-[F*(B)}x) =1- B(f (x)) = B(f (x))
[11®)) =B(f (%)

SIEEBIM=B(f(x)  [F(B)x
- f(B)= f*(B)

(ix) Ac f7(f(A)
VX e X,
Let f(X)=y

[f (f (A))](x) =[f(A](F (X)) =[T(A](Y)
= sup A(X') = A(x)

x|y="f(x")

L Ac TH(F(A)(X)
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Va, assume y e “[f(f (B))]
=[f(FB)IY)2a
= sup [f*(B)](X) >«

x| y="f (x)

= 3Ix, e X, st. y=f(x), [ 1(B)(X) =«
U

B f (x,)]>
U

f(x,)e B
U

y="1(x,)e “B

B2 (f7(B))
® Theorem 2.9 :f:X—Y Crisp function
V A e F(X), B e F(Y),

(xi) “[F(A]=f("A)
(xi) “[f(AI= (A
proof:

(xi)vy e “ [f(A)]



< [FAIY) > a

(2.10)
< sup A(X)>a
x| y="f(x)

< 3X,, sty=f(X,), A(X,) >«
o x e Ao f(x)e F(A)
< yel[f(“A)]

SO LEA) =L A

(xil) Vye[f(®A)], Ix, € ‘A st.y= f(x,)
CLE(AIY) = sup A(X) = A(X) 2 &

x| y="f(x)
sye“[f(A)]
= FEA) < [T (A)]

® Example LetX=N, Y={a, b}
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<10
f(n):{a n
b n>10

Let A(n)=1- 1 . fuzzy set
n

= [f(A)]@) = sup An)=A@0)=1-—
n|f(n)=a 10

_1

10

[T(A)](0) = sup A(n)=1

n/f(n)=a
~Let a=1, [f(A)]={b}
ST =19 =
L EEA) = [ (A)]

X “[f(A)] = f(“A), Ve €[0,1]

whenever X:finite

® Theorem 2.10 : f : X - Y  Crisp function

VAEFX), F(A= U f(.A)

a<[0,1]

proof:

From Theorem 2.6
f(A)= U f(.A)

a<[0,1]
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Thm2.9(xi)
{

A= 3 - ¥ 2

Whel'e ¢ Ye a+[f(A)]Y Ye[f(MA)]Y
_1(,A)

IR

SfA)= U A

ae[0,1]

® Procedure for calculation of f (A)

1. Calculate all images of strong « - cuts under f , i.e., f (“ A);
2. Convertthemto f( . A);

3. f(A)= U f(.A).

a€[0,1]

N




