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Theorem 2.1

Theorem 2.4 

( )

(x) =

(1) ,      (A)

(2) , ,

     let = , 0,

    ( ) ,   can be infinitely small.

     let 0  ( )

A X

A A A

A A A A

x A x A
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A x
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         (B)
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
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+ Proof: (xi) 

             i,

                for any 
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2.2 Representations of fuzzy sets 
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◎ Representations of fuzzy sets by crisp sets (decomposition) 

e.g. 
1 2 3 4 5

0.2 0.4 0.6 0.8 1.0
A

x x x x x
      

This can be represented by itsα-cut 

α-cuts 

0.2

1 2 3 4 5

0.4

2 3 4 5

0.6

3 4 5

0.8

4 5

1.0

5

{ , , , , }

{ , , , }

{ , , }

{ , }

{ }

A x x x x x

A x x x x

A x x x

A x x

A x











 

Define a fuzzy set A  for eachα-cut as 

x A

A
x







     fuzzyα-cut 

0.2

1 2 3 4 5

0.4

2 3 4 5

0.6

3 4 5

0.8

4 5

1.0

5

1 2 3 4 5

0.2 0.2 0.2 0.2 0.2

0.4 0.4 0.4 0.4

0.6 0.6 0.6

0.8 0.8

1.0

0.2 0.4 0.6 0.8 1.0

A
x x x x x

A
x x x x

A
x x x

A
x x

A
x

A A
x x x x x




    

   

  

 



     
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◎ Decomposition theorems of fuzzy sets 

● Theorem 2.5 (First decomposition Theorem) 

 
[0,1]

,   
x A

A A where A
x

 





 

    

[0,1][0,1]

[0, ] [ ,1]

proof: ,  Let ( )

           ( )( ) sup ( )

           max[ sup ( ), sup ( )]

( ,1], ( ) 2, ( ) 0
           

(0, ], ( ) 2, ( )

       

a a

x X A x a

A x A x

A x A x

a A x a x A A x

a A x a x A A x

 


 
 











 



 

  

 



        
 
        

[0, ]

[0,1]

    max[ sup ,0]=max[a,0]=a

             

a

A A














 

Example :  

 A: a fuzzy set with membership function 
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x

1

α

β

γ

0

A

A

γ A

1
3

 

  

[0,1]

1       [1,2]

( ) 3        [2,3]

0       otherwise

(0,1],

2             [ 1,3 ]
    

0                       otherwise

   according to theorem 2.5

       

x x

A x x x

x
cut A

A A









 




 


  



 

  
  





 

。Theorem 2.6 (Second decomposition Theorem) 

         
+

+ +

[0,1]

,  
x A

A A A
x

 





 

    
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+ +
[0,1][0,1]

+ +
[0, ] [ ,1]

[0, ]

proof: ,  Let ( )

           ( )( ) sup ( )

           max[ sup ( ), sup ( )]

          sup ( )

a a

a

x X A x a

A x A x

A x A x

a A x

 


 
 







 



  

 



 

 

。Theorem 2.7 (Third decomposition Theorem) 

      
,   ( ) : level setA A A



 
 

Theorems 2.5, 2.6 for continuous membership function 

Theorem 2.7 for discrete membership function 

。Example : 

 

 

 

 

 

 

 

2.3 Extension Principle for Fuzzy Sets 

  --- a principle for fuzzifying crisp functions  

A fuzzy set 

A 

A

]1,6.0,3.0[)(  A

AAAA 0.16.03.0 
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concerning sets to power sets 

 

 

 

⊙ Crisp case: 

   a crisp function- 

     f: X --> Y ,   X,Y : crisp sets defined on univesal sets 

U,V  

an extension 

 

 

 

  

  

 

 

 

}),({)()( AxxfyyAfBXPALet   

})({)()(B 1 BxfxBfAYPLet    

:f  P(X)  P(Y) 

      P(X),P(Y): Crisp power set of X,Y 

:1f  P(Y)  P(X) 

 

X Y 
X Y 

)(XP )(YP
f

f
X Y
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Example: 

    X={a,b,c}  ,  Y={1,2} 

 

 

 

 

Extension f: p(X)           p(Y) 

Where 

}},,{},,{},,{},,{},{},{},{,{)( cbacbcabacbaXp   

}}2,1{},2{},1{,{)( yp  

 

 

 

 

 

 

 

 

 

a 
X Y

b 

c 

1 

2 

f

 ψ 

{a} 

{b} 

{c} 

{a,b} 

{a,c} 

{b,c} 

{a,b,c} 

  

 

ψ 

{1} 

{2} 

{1,2} 

 

 ψ 

{a} 

{b} 

{c} 

{a,b} 

{a,c} 

  

 

ψ 

{1} 

{2} 

{1,2} 

 

F(A)={y | y=f(x), Ax } 

e.g 

   A={a,c} 

 {1,2}c})f({a,f(A)   

A={a,b} 

=> {1}b})f({a,F(A)   

} Bf(x) |{x =(B)F-1   

e.g 

   B={1} 

 b}{a,({1})f(A)f -1-1   

B={1,2} 

=> c}b,{a,({1,2})f(B)f -1-1   
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Fuzzy case: 

   Given a fuzzy function f: X => Y 

    X,Y: fuzzy sets defined on crisp universal 

 sets U,V 

An extension 

     
)()(:

)()(:

1 XFYFf

YFXff






 

F(X),F(Y): Fuzzy power sets of X,Y 

f(Y)   f(A)B    ),(Fa  LetX  

 

           The membership function of fuzzy set B 

      

 

          The membership function of fuzzy set A 

  

Example : Function Extension 

(a) Continuous case 

 

A(X) ))](([)( sup
)(| yxfx

yAfYB




(f(x))))](([)( 1 BxBfxA  

X Y 

f 

U V 
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(b) Discrete case 

    

 

  
4.0]0,0,4.0,2.0max[)()](([)( 1

)(|
)11 sup 



xAyAfyB
xfyx

 

6.0]6.0,4.0,0,0max[)()](([)( 2
)(|

)22 sup 


xAyAfyB
xfyx

 

y

xA

yxf

XXX

AAA

XXX

YXXXf

k

nn
k

k

n

n

n

n

)}(),...,A2(x), (x  min{A   sup

y

1...mk      ,...),(x      if

lyrespective           ,...,     

on defined    .........,set fuzzy Let 

set crisp : ,,     

re       whe        ...  :

k)

2

k

11

2

k

1

21

21

21

21









 

 Example: Fuzzy Mapping (Multivariants) 

   , , ,1 cba   , ,2 yx   , , , rqp  

   21:f  
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  Where  

        

 

  Let 21 A  ,A  ; Fuzzy sets defined on 1 , 2  

  
cba

5.09.03.0
A1   

yx

0.15.0
A2     )(F  

  Let  )()A,(AB 21  Ff  

                  (a,x)        (a,y)       (c,y) 

  B(p) = max{min{0.3,0.5},min{0.3,0.5},min{0.3,0.5}} 

       = max{0.3,0.3,0.5} = 0.5 

  B(q) = max{min{0.9,0.5} = 0.5 

  B(r) = max{min{0.9,1}, min{0.5,0.5}} 

      = max{0.9,0.5} = 0.9   

  
rqp

9.05.00.5
)A,f(AB 21            

 Theorem 2.8 : :f   crisp function 

             ),(  ),(  FBFA ii                            

                                               
 (i )     iff  f A A    

     (ii)    
2121   ,  AfAfAAif    

     (iii)  
i

i
i

i AfAf )( , 
i

i
i

i AfAf )()(   

     (iv)    
2

1

1

1

21   , BfBfBBif     

















pr

rq

pp

c

b

a

f

yx

     

     

    

        :
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     (v )  
i

i
i

i BfBf 11 )(   , 
i

i
i

i BfBf )()( 11    

     (vi) )( )( 11 BfBf    

     (vii) ))((1 AffA  ,  ))((1 BffB       

Proof: 

  (i) (a)  If  ,  then  A f A    

    (b)  If  ,  then  f A A    

(ii) )()(  2121 AfAfAA   

   21 AA  ,   x    )()( 21 xAxA   

))](([)()())](([  , 22
)(

1
)(

1 supsup yAfxAxAyAfy
xfyxxfyx




)()( 21 AfAf   

(iii) 
II

)()(



i

i
i

i AfAf  

    

  )()())((

)()(

)())](([  ,

max

supmaxmaxsup

sup

)()(

)(I
1

yAfyAf

xAxA

xAyAfy

Ii
ii

Ii

i
xfyxIi

i
Iixfyx

Ii
i

xfyxi





































  


Ii

i
Ii

i AfAf


 )()(  

(iv) 
Ii

i
Ii

i AfAf


 )()(   
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 

  )()())((

)()(

)())](([  ,

min

supminminsup

sup

)()(

)(

yAfyAf

xAxA

xAyAfy

Ii
ii

Ii

i
xfyxIi

i
Iixfyx

Ii
i

xfyxIi
i





































 

 
Ii

i
Ii

i AfAf


 )()(  

 

(v) )()( 2

1

1

1

21 BfBfBB  

   
)()(           

)()())(())(()()(   

)()(  ,

2

1

1

1

2

1

211

1

2121

BfBf

xBfxfBxfBxBfx

yByBBB











 

(vi) 
Ii

i
Ii

i BfBf






 






 )(11  

    

)()())((sup

))((sup))(()(

11

1

xBfxBf

xfBxfBxBf

x

Ii
ii

Ii

i
IiIi

i
Ii

i



















































  

    
Ii

i
Ii

i BfBf






 






 )(11  

(vii) 
Ii

i
Ii

i BfBf






 






 )(11  

C1={………..} 

C2={………..} 

 

Cn={………..} 



 

 

2-13 

    

  )()())((inf

))((inf))(()(

11

1

xBfxBf

xfBxfBxBf

x

Ii
ii

Ii

i
IiIi

i
Ii

i






































  

    
Ii

i
Ii

i BfBf






 






 )(11  

(viii) )()( 11 BfBf    

 
 

 
 

)()(      

    )()(      ))(())](([      

))(()()(      

))(())((1)()(1))](([      

   ))(()()( ,

11

11

1

11

1

BfBf

xBfxfBxBf

xfBxBf

xfBxfBxBfxBf

xfBxBfx

























 

(ix) ))((1 AffA                                          

 
)()'(sup 

))](([))()](([)())((

)(      

,

)'('

1

xAxA

yAfxfAfxAff

yxfLet

x

xfyx











                 

))((1 AffA  (x)    
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 )(                                                         

 )(                                                         

)]([                                                      

))](([  ),(  s.t.  ,x        

))](([sup        

)))]((([        

))](([  assume  ,

0

0

0

1

00

1

)(

1

1

Bxfy

Bxf

xfB

xBfxfy

xBf

yBff

Bffy

xfyx















































 

))(( 1 BfB   

 Theorem 2.9 : :f   Crisp function 

             ),(  ),(  FBFA ii  

(xi) )()]([ AfAf


   

(xii) )()]([ AfAf    

proof: 

 (xi) )]([ Afy


   
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)]([)]([

)]([ 

)()( 

)(  ),(s.t.  ,

)(sup

))](([

0

11

0

000

)(

)10.2(

AfAf

Afy

AfxfAx

xAxfyx

xA

yAf

xfyx



































 

(xii) )( s.t.      )],([ 00 xfyAxAfy    

    

)]([ )(

)]([ 

)()(sup))](([ 0
)(

AfAf

Afy

xAxAyAf
xfyx
















 

 Example  Let } ,{  , baN   
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)]([  )(                    

)()(                     

}{)]([   , 1Let  

1)(sup))](([     

 
10

1
                      

10

1
1)10()(sup))](([

setfuzzy :
1

1)(Let   

10   

10   
)(

1

1

)(

)(

AfAf

fAf

bAf

nAbAf

AnAaAf

n
nA

nb

na
nf

anfn

anfn














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 Theorem 2.10 : :f   Crisp function 
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proof:  

     From Theorem 2.6 
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 Procedure for calculation of )(Af       
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