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Having developed the properties of vectors and operators in Hilbert space ---an underlying
mathematical framework of quantum mechanics, we now present the basic postulates, using Dirac
notation, in a form appropriate to the Hilbert —space formalism of quantum mechanics. The next
section is devoted to studying the mathematical properties of representations of the ket and bra vectors
and operators and unitary transformations from one basis to another.

1. Introduction

2.Postulates of Quantum Mechanics
2.1 State Vectors and Observables of a Physical System

Postulate | :

Each state of a physical system is represented by a vector ket, say, |a>’ referred to as a state vector in
a Hilbert space. The vector |a> or any scalar multiple of it corresponds to the same physical state. For

convenience, it is required that |a> be normalized so that the vector representing the state is
determined upto a constant factor.

To the above postulate is added the principle of linear superposition, according to which if

|a1> ang |a2> represent the possible state vectors then a linear combination,

|a)=ala1)+/A az) (8.1)

is also a possible state vector, where o and 3 are arbitrary complex numbers. Conversely, any state may
be considered as a linear superposition of two or more states. In fact, we assume that there exists an
orthonormal complete set of state vectors for any state space.

You may recall that in classical mechanics, the dynamical state of a system is specified by dynamical
variables such as coordinates and momenta of the particles in the system at a given instant. From this
information, not only the value of any other dynamical variable such as energy can be obtained but
even the state of the system at any other time can be deduced by means of the equations of motion. In
quantum mechanics, however, the definition of the state of the system is significantly different from
that of the classical case. Here to get information on the dynamical variables of the system, we
introduce the following postulate.

Postulate I1 :
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For every dynamical observable A (like energy, momentum etc.) of the system, there exists a

Hermitian operator Ain the Hilbert space. As stated above, any state vector can be expressed in terms
of a complete set of basis vectors. These basis vectors are the eigen vectors of the Hermitian operator.
The only measurable values of a physical observable are the various eigenvalues of the corresponding

operator. Thus, each of the eigen values @ ( assumed, for the time being, to be discrete) of the operator

has associated with it a vector, represented by |ak>, in the Hilbert space. Let it be an eigen vector of

operator A so that

Aay ) =ak|ak ) (8.2)

The hermitian character of the operator ensures that the eigenvalues are real. Eigen vectors
corresponding to different eigen values are orthogonal

. <ai\aj>=o, for i+ j X

and also normalized, i.e., <ak |ak> = (8.3b)

2.2 Measurement Postulates : Expectation Values and Probabilities

Postulate 111 :

If we measure the variable A in the state of the system specified by the eigen-vector |ak> of the

operator A, we shall have the precise measurement in terms of the eigen value, @ .

If the measurement is made on large number of identical systems, each characterized by a state

represented by a normalized ket |V/> then the average value (expectation value) of the operator A is
defined by

(A =(ylAy)

av (8.4)

In case, |W> is an eigen vector of A, say, |l//> E|ak> , Where

A

A

) = a |K) (8.5)

Then (A )= , 8.6)
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which is in agreement with the statement given earlier. If |l//> is not an eigenvector of A, then

|l//> can be expanded in terms of the eigenvectors { |ak>} of A, which form a complete orthonormal
set of Hermitian operator. We then have

= lak ){ak |v) 8.7)
k
s that <WI/34W>=%<WIIak><ak|/34a|><a| lv) (8.8)
= 3w law )k (an [v) = 3wk ek [y )ak ©9)
k.l k

Note that in Eq. 8.8), we have twice made use of the closure relation. We thus express

(w|Aly) Z\ )| e

the average value of A as (8.10)

Equation (8.10) is to be interpreted as giving us the result of a large number of measurements under
identical conditions or, equivalently, the result of a measurement on a large number of identical

systems, each measurement yielding one or the other eigenvalue of A. As one cannot, in general,
predict which eigenstate will be obtained, we postulate that the probability of finding the state |ak>

2
is Pla) = Yaly)”™ (8.11)

Thus, <ak |l//> may be regarded as the probability amplitude for the system to be found in |ak > Indeed

the concept of probability amplitude is based on the premise that |W> as expressed by EQq.(8.7),
represents the state of the physical system. The justification for this premise has its origin in
experiments on interference and diffraction phenomena discussed in the first module.

2.3 Quantum Mechanical Operators
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Let there be a dynamical variable, as for instance a Hamiltonian, in classical mechanics, which is a
function of canonically conjugate variables. The corresponding quantum mechanical operator of the
system is obtained from the dynamical variable in classical mechanics by replacing the canonically
conjugate variables by the corresponding quantum mechanical operators.

Postulate 1V:

Consider the example of a linear (one-dimensional) harmonic oscillator in classical mechanics,
where its Hamiltonian (in Cartesian co-ordinates) is given by

2
H = H(x p)=2X 1 L iy
2m 2 , (8.12)

where m is the mass of the oscillator and K is a spring constant. Here the Hamiltonian is a function of
the position co-ordinate ,x, and the momentum, Px , which are the canonical variables.

According to the postulate, the quantum mechanical operator corresponding to H is obtained as

a2
ﬁgﬁ(g'px):ﬂ_le)A(Z
2m 2 (8.13)

where ¥ and Py are Hermitian operators corresponding to x a nd Px respectively.
It is important to keep in mind that quantum mechanical operators of the conjugate variables need not
commute; therefore proper order of the variables has to be preserved.

To make the point clear, let us consider, for example, the orbital angular momentum ; :
where its x-component is given by

Lx =ypz —zpy,  cyclic, (8.14)
L% =y P2YP; +2pyZpy —YPzZPy —ZPyYP; (a)
2.2 ,,2 2
= -2
So that Y Pz +Z Py—<YPyZpz (b) (8.15)

Classically, both the expressions (a) and (b) of Eq.(8.15) are equivalent. However, when the canonical
variables are replaced by the operators, the corresponding expressions would not give
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the same result for the operator LX. The correct expression is obtained by replacing the variables by
corresponding operators in the equation given by Eq.(8.15a). Only those operators which commute can
be permuted.
Another point to note is that a dynamical variable C which is the product two other dynamical
variables , say, A and B, i.e., C=A B, then the Hermitian operator corresponding to C is not 4 5,
because if these operators do not commute, i.e., A5 * B4 the product 45 would then be not
- 1 L S
. . . : e C==-(AB+BA
Hermitian. It is a simple exercise to check that a proper combination is given by 2 ¢ ) ,
which is Hermitian.

Postulate V:

Any pair of canonically conjugate operators satisfies the Heisenberg commutation rules:

[G,61=0; (a)
(i, Pj1=0; (b)
[G;, Pk 1= ik © (8.15)

where the operator 9: represents the generalized coordinate corresponding to 9: and similarly the
operator Pi is the operator corresponding the generalized momentum P: canonically conjugate to 9: .
Thus, if 9: represent the Cartesian coordinates, the Pi are the components of linear momentum. If, on
the othere hand, 9: represent the angle, Pz then are the components of angular momentum and so on.

In this abstract formalism, the commutation relation, like
[, px]=1in

between a position variable and its canonically conjugate momentum may be regarded as a
fundamental postulate and is not to be derived . This quantum condition forms the basis of quantum
mechanics.

As another example, consider the case of orbital angular momentum. Thus substitution of the operators

V.by X gtc. in place of the corresponding variables appearing in Eq.(8.14), we find that the

components, x-LyandlL

relations:

z of angular momentum operators satisfy the following commutation

[LxLy I =1Lz . (similar relations in cyclic order) (8.16)
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We shall see in the subsequent modules how these commutation relations determine the quantal
properties of the physical variables corresponding to angular momentum operators.

2.4 Time evolution of state vector
Postulate VI:

You must be already familiar with time-independent treatment of the Schrodinger equation from the
elementary course on quantum mechanics.

Here we postulate that time evolution of the state vector, |l//(t)>, is governed by the Schrodinger
equation:

. d A
h—ly(t))=H({)|w(t))
v () = A O]y ) o1

where A () s the Hamiltonian operator associated with the total energy of the system.

3. Representations, Bases and Unitary Operators

Having learnt the properties of orthonormality, completeness and projection operator of ket and bra
vectors, we turn over to learn some general properties of representation.Consider an N-dimensional

vector space where any vector can be expanded in terms of the orthonormal basis [|Ui>]N . Thus if

| X) and [Y) . arbitrary vectors, we write

N

1 X) =" x|uj) (8.18a)
i=1
N

V) =>"yiluj) (8.18b)
i=1

If there is another vector |Z> such that
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1Z)=a|X) +B|Y) (8.18c)
N
and |Z)=">zj|uj),
i=1
then zj =aXxj+/pYj (8.19)
N
Also  (X]Y)=>xyj (8.20)
i=1

Note the relations, Eqgs (8.19) and (8.20). These relations suggest that in place of of the abstract vectors

|X> ' |Y> """, we can even deal with their expansion coefficients (or the components).

[x] = [Xo Xz oo xn]l o V] =DaY20 o 0] €6 These expansion coefficients are called the
representatives of the vectors. Corresponding to every relationship between vectors, there exists a
relationship between representatives. Thus corresponding to Eq.(8.18c) representing a relationship for
vectors, we have the Eq.(8.19) expressing the relationship which translates as

[z] = o [x] +B [y] (8.21a)
Or [E1 220 - L Zy] = laxy + By ax, + Byve,. . axy + Byy] (8.21b)
The representatives, unlike the vectors, depend on the basis chosen. However, with respect to given
basis, the representative [x] corresponding to the vector |X> is unique, which is here represented by
[X] in the representation defined by the basis [|ui >]N :
The basis vectors are represented by

[ug] [uzl . . o [uy] '

Where [H]_] = [1,0,0,. e .,0],
[u,] =[0,1,0,0,.. . .0],
(8.22)
[uy]l =[0,0,0,. .. .. ., 1]

10
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From the above equations, it is clear that one could also express the representative [x] of vector |X>

in the form of a column matrix as

X1
X2

x] N (8.23)
While the representative of the bra vector <X | is represented by the row matrix xt, ie.,
xT o (xLx3, LX) (8.24)

The scalar product given in Eq.(8.20) is then given by the matrix product, X'y and the vector addition
in Eq.(8.18c) is simply obtained by the matrix addition:

z=oaxt+tBy

The unit vectors, |ui> are represented by the column vectors;

1 0 0
1 0
0 0 0
lup) >ug = ) ; Jup)—>up = 6 : UN =
0 0 1

(8.24)

The orthonormality condition and the completeness condition simply reduce to

P =% (8.25a)
2 Jui)uif=>ui
and I I tio (8.25b)
The operator equation
AX)=[Y) (8.26a)

11
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is given by the matrix equation:

Ax=y . (8.27)
Note that both x and y are (Nx1) matrices, A is an (NxN) matrix. We thus see that properties of

the linear operators follow from the properties of the square matrices. This procedure of representing
vectors and operators by matrices is referred to as matrix representation. Clearly, in this representation,
a Hermitian operator is represented by a Hermitian matrix.

According to the definition of a Hermitian operator, we have

(X[AY)" =( |Ax)

which in matrix form is given as

(XTAYYT =vTaTx

. taty_yt : o LAt
ie., YIATX=Y'AX " since 4 is given to be Hermitian, 4" = 4,

3.1 Change of Basis :

From the above study it is clear that the matrices representing vectors and operators depend on the
representation of the basis. The question, therefore is: if we have the same set of vectors and operators
given in different representations (or basis), how to find the relationship between the matrices
representing them. In the following,we shall try to find the solution to this question.

- L
Let [|u'>]N and [|u'>]N be the two orthonormal bases in Hilbert space. Since both the sets
are complete, the vectors of one set can be expanded in terms of the vectors of the other set:

N
uj )= Z‘Uj>sji’ i=1 to N
1=1 , (8.28)
where the expansion coefficients Sik can be regarded as the matrix elements of an (NxN) matrix S,

. !
which transforms the representation [|u'>]N to the representation [|u'>]N.

Now, taking the scalar product of the Eq.(8.28) by ‘u j> , We get

12
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Sji :<uj ‘ui> (8.29)

In other words, Sit is the component of |uf> along ‘uj>.

Using the orthonormality of the set |]u, >]N , We have

N
(wilui) =5 = o (u|uk ) ui)

Mz

Skj Ski = (S7S) ji = iji
k=1 (8.30)

where the closure property of the basis [|Uk>]N has been used. Similarly, from the completeness

property of [ui)IN , We get:
N
(ujui)=0ji = 21<UJ k) {uk [ui)

M=z 7

Sk Sik =(S8™) ji
k=1 (8.31)
From the two Eqs.(8.30) and (8.31), it follows that

ST§=r1=2551 (8.32)

Starting from an orthonormal basis, we find that while Eq.(8.30) represents the orthonormality,
Eq.(8.31) represents the completeness of the transformed basis. Thus we have shown that change of
orthonormal basis in a linear vector space is represented by a Unitary matrix.

To write Eq.(8.28) in terms of the matrix representation, we define a matrix U by

U E(ul,uz,..........,um) (8.33)

where Yk is the column matrix representing the basis vector given by Eq.(8.24), so that U is an (NxN)
matrix. From the orthonormality of the basis, we require that

13
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Uy Ujtup  Uqu2 .. ... UfUN

+ + + +

U, Ul UoU2 .. .. ..UsUN
utu=| ...l (u up .. .. .uN) =|.... T

UKI uJI{lul uﬁuz UFQUN

(8.34)
whereas, from the property of completeness we require that
vUt = (CLwul) =1 (8.35)

where | is the (NXN) matrix.
Thus U is unitary, showing that an orthonormal basis can be represented by a Unitary matrix..
Now, Eq.(8.28) can be expressed in matrix notation as
U'=US (8.36a)

and since both U and S are unitary, we also have

Uu=u's (8.36b)
and

s=uty’ (8.36¢)

Also note that linear transformation

|Y>= AlX) (8.37)
in matrix representation is written as
y=A X (8.38)
in the representation U ;
and by the equation
y'=A'x (8.39)

in the U’ representation.

14
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x=S x', (8.40)
we have from Eq.(8.38)
Sy=ASx
Or
y='48)x

On comparing with Eq.(8.39), we get

A=S'4s (8.41)

Eqs.(8.40) and (8.41) determine respectively the transformation law for the vectors and the
operators under change of basis..

5. Summary
After studying this module, you would be able to
e Learn the state of a physical system in terms of the state vector in Hilbert space

e Know how a Hermitian operator acting on a state vector gives us the information of a
physically observable quantity in terms of various eigenvalues

e Learn the definition of expectation values of the corresponding operator in the state

e Know the properties of quantum mechanical operators and of canonically conjugate
operators

e Know tha time evolution of a quantum mechanica state vector

e Learn some important properties of representations, basis of ket and bra state vectors
and unitary matrices
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